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1 NOTATIONS

• v : vectors are in bold we write their componants like this v = [vx1 , . . . , vxd ]T in dimension d .

• vT : is a row vector (and v a column vector).

• ∇v : is a column vector.

• M : Matrices are in bold capital.

• v0 ⊗v1 : tensor product between v0 and v1 (outer product).

2 HRBF

Here the vector x dimension is d . In the specific case of a implicit surface x ∈ R3 is a point of the ambiant space and
d = 3.

f (x) =
N∑
i
αiφ(‖x−pi‖)+∇[

φ(‖x−pi‖)
]T
βi

=
N∑
i
αiφ(‖x−pi‖)+ai (x)Tβi

∇ f is the column vector of dimension d .

∇ f (x) =
N∑
i
αi ai (x)+ (Bi (x)+Ci (x))︸ ︷︷ ︸

Hessian of φ(‖x−pi ‖)

βi

ai (x) =φ′(‖x−pi‖)
x−pi

‖x−pi‖

Bi (x) =

bi (x) 0 0

0
. . . 0

0 0 bi (x)

 Diagonal matrix of dimension d ×d with bi (x) = φ′(‖x−pi‖)

‖x−pi‖

Ci (x) = ci (x).
(
(x−pi )⊗ (x−pi )

)=
(x1 −pi ,x1 )(x1 −pi ,x1 )ci (x) . . . (xd −pi ,xd )(x1 −pi ,x1 )ci (x)

...
. . .

...
(x1 −pi ,x1 )(xd −pi ,xd )ci (x) . . . (xd −pi ,xd )(xd −pi ,xd )ci (x)



1

http://en.wikipedia.org/wiki/Outer_product


ci (x) = 1(‖x−pi‖
)2

(
φ′′(‖x−pi‖)− φ′(‖x−pi‖)

‖x−pi‖
)

3 REPRESENTATION MATRICIELLE

Find the weights αi and βi of the HRBF is done by solving the linear system below with a LU decomposition:(
f (pi )
∇ f (pi )

)
=

(
c

nT
i

)
The equation system A.xT = bT can be written:

fT
1 (x1) . . . fT

N (x1)
∇ f1(x1) . . . ∇ fN (x1)

...
. . .

...
fT

1 (xN ) . . . fT
N (xN )

∇ f1(xN ) . . . ∇ fN (xN )


︸ ︷︷ ︸

Matrix of dimension (N .(d+1))×(N .(d+1))


α1

β1
...
αN

βN

=


0

n1
...
0

nN



Note : βi is the column vector of dimension d .

fT
i (x) =

(
φ(‖x−pi‖) aT

i (x)︸ ︷︷ ︸
dimension d

)
︸ ︷︷ ︸

row vector of dimension d+1

∇ fi (x) = (
ai (x) Bi (x)+Ci (x)

)︸ ︷︷ ︸
Matrix of dimension d×(d+1)

In practice when filling the matrix, every coefficient with division by zero (sometime the norm is null) must be re-
placed by a null value. We detail the coefficients of a single matrix block (d +1)× (d +1) of A:

(
fT

i (x j )
∇ fi (x j )

)
=


φ(‖x j −pi‖)

φ′(‖x j−pi ‖)
‖x j−pi ‖ (x j ,x1 −pi ,x1 ) . . .

φ′(‖x j−pi ‖)
‖x j−pi ‖ (x j ,xd −pi ,xd )

φ′(‖x j −pi‖)
x j ,x1−pi ,x1
‖x j−pi ‖ (x j ,x1 −pi ,x1 )(x j ,x1 −pi ,x1 )ci (x j )+bi (x j ) . . . (x j ,xd −pi ,xd )(x j ,x1 −pi ,x1 )ci (x j )

...
...

. . .
...

φ′(‖x j −pi‖)
x j ,xd

−pi ,xd
‖x j−pi ‖ (x j ,x1 −pi ,x1 )(x j ,xd −pi ,xd )ci (x j ) . . . (x j ,xd −pi ,xd )(x j ,xd −pi ,xd )ci (x j )+bi (x j )


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